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Abstract

This paper studies distributed knowledge among agents who possibly have
contradictory beliefs with each other. The paper formalizes distributed knowl-
edge as knowledge logically deduced from agents’ collective information, con-
sisting of events that some agent believes whenever they are true. As a result,
distributed knowledge is true, monotonic, and positively introspective, even
though agents’ beliefs are not. Agents’ false beliefs do not lead to distributed
knowledge. Distributed knowledge can fail negative introspection even if agents’
beliefs satisfy it. Agents cannot necessarily have the distributed knowledge of
the lack of the distributed knowledge of an event. Thus, agents can be collec-
tively unaware of events. If agents’ beliefs are true, monotonic, and positively
introspective, then distributed knowledge coincides with knowledge possessed
by the least knowledgeable “wise man” who knows everything each agent knows.

Keywords: Group Knowledge; Distributed Knowledge; Collective Information;
Beliefs; Knowledge; Negative Introspection

1 Introduction

Suppose that a group of agents are reasoning about underlying states of the world,
say, the weight of an ox in a poultry exhibition (Galton, 1907a,b, 1908). They possess
qualitative beliefs about states of the world—possible weights and relevant aspects
of the ox. Their beliefs may not be true and may even be contradictory with each
other. While the observation by Galton (1907a,b, 1908) is that the average of agents’
estimations more or less correctly points to the actual weight of the ox, this paper
studies qualitative features of group knowledge about states of the world—the weight
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of the ox—and about group knowledge itself. If the agents share relevant information,
what can the group “know” about the weight of the ox and group knowledge itself?
To understand qualitative features of knowledge of the group, as opposed to belief of
each individual, I study group knowledge in terms of (i) what information the agents
share and (ii) how they collectively make inferences about the world.

One cannot overemphasize the importance of group knowledge dispersed among
agents in an inconsistent form in such fields as computer science and artificial intel-
ligence, economics and the social sciences, logic, and philosophy. In economics, as
Hayek (1945) points out, it is one of the most fundamental facts in economic and
social activities that the knowledge possessed by the agents in a society is dispersed
among them in possibly contradictory or incomplete forms.1 Moving on to com-
puter science and multi-agent systems (e.g., Fagin et al. (2003) and Meyer and Hoek
(1995)), interpret agents as computer-based systems such as databases with contra-
dictory pieces of information. A natural question is how to aggregate inconsistent
sources of information into one contradiction-free system (see, for example, Grégoire
and Konieczny (2006)).2

Specifically, this paper studies a notion of group knowledge termed as distributed
knowledge, which is first independently studied in computer science, logic, and phi-
losophy by Halpern and Moses (1990) and Hilpinen (1977).3 In the original context,
a group of agents have distributed knowledge of a statement p if someone who were
informed of everything that each agent knows would know p. For example, suppose
that two agents, Ann and Bob, respectively know statements q and (q → p). Even
though none of them knows p, combining their knowledge together, Ann and Bob
have the distributed knowledge of p.

While the previous studies have assumed that agents have logical, introspective,
and truthful knowledge, this paper formalizes distributed knowledge among agents
whose beliefs are not necessarily truthful, consistent, or logically monotonic. Indeed,
the paper presents a formalization of distributed knowledge independently of par-
ticular assumptions on agents’ beliefs. In order for an event E to be distributed
knowledge among agents whose beliefs may be inconsistent with each other, I define
distributed knowledge in a way such that (i) the agents pool their information and
that (ii) they make a collective inference to deduce E from their collective informa-
tion. I define agents’ collective information as those events that some agent believes

1This paper does not take into account the incentives of agents to share or misreport information
(see Arrow (1962) for the public-good nature of information). However, the analyses of this paper as
to the formalization of distributed knowledge and as to how distributed knowledge inherits properties
of individual beliefs would be independent of the incentive problems.

2The question of this paper is also related to belief revision pioneered by Alchourrón, Gärdenfors,
and Makinson (1985) (e.g., adding a piece of information that is inconsistent with existing sources
of information so that the revised sources are consistent) and judgment aggregation that studies
aggregation of agents’ opinions (see, for example, Grossi and Pigozzi (2014)).

3First, Hilpinen (1977) calls it “impersonal knowledge.” Second, see Halpern and Moses (1990,
Footnote 1) and the references therein for their original terminology “implicit knowledge.”
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whenever they are true. This paper systematically studies how the content of agents’
collective information affects qualitative aspects of distributed knowledge. The paper
also studies how distributed knowledge inherits properties of individual beliefs.

This paper sheds light on the way in which distributed knowledge is generated
from individual beliefs and on the extent to which properties of distributed knowledge
are attributable to those of individual beliefs. Distributed knowledge formalized in
this paper is truthful, monotonic, and positively introspective. That is, not only is
distributed knowledge consistent (i.e., if an event E is distributed knowledge then the
negation ¬E is not distributed knowledge), but also can agents only have truthful dis-
tributed knowledge (i.e., if some event is distributed knowledge then it is true). Thus,
when agents’ beliefs are not true, their false beliefs may not lead to distributed knowl-
edge. Even if agents are not logical reasoners, any logical consequence of distributed
knowledge is distributed knowledge. If agents have the distributed knowledge of E,
then they have the distributed knowledge of the fact that E is distributed knowledge.

Distributed knowledge is not necessarily negatively introspective when individual
beliefs are not truthful or logical. That is, if agents do not possess the distributed
knowledge of an event E, then it is not necessarily the case that they have the dis-
tributed knowledge of the fact that E is not distributed knowledge. In other words,
agents may be collectively unaware of E.4 If agents’ beliefs are truthful and logical
(precisely, if they know any conjunction of what they know) as in the previous stud-
ies, then distributed knowledge is negatively introspective. If agents are positively-
introspective and logical reasoners as in the previous studies, distributed knowledge
turns out to be knowledge of the least knowledgeable hypothetical individual (“wise
man”) who knows everything that each agent knows (e.g., Halpern and Moses (1990)).
The formalization of distributed knowledge in this paper also accommodates that of
Hilpinen (1977) if agents’ knowledge is positively introspective.

I move on to the related literature. Within the literature on distributed knowledge
pioneered by Halpern and Moses (1990) and Hilpinen (1977), first, this paper studies
distributed knowledge among agents whose beliefs may violate logical or introspec-
tive properties. Pacuit (2017) and Van De Putte and Klein (2018) study notions of
distributed belief without assuming logical or introspective properties on individual
beliefs in a semantic (i.e., set-theoretical) framework.5 Unlike this paper, distributed
belief may be inconsistent, and thus agents may have false group beliefs. While the
notion itself is of interest, this paper asks how one can model distributed knowledge,
which, by definition, is truthful and thus consistent.

Second, while this paper formalizes distributed knowledge in a semantic frame-

4An agent is unaware of an event E if she does not know it and she does not know that she does
not know it. Pioneering papers on unawareness include Fagin and Halpern (1987) and Modica and
Rustichini (1994, 1999). See Schipper (2015) for a recent overview.

5Van De Putte and Klein (2018) provide a logical framework that has, for a set of individual
modal (e.g., belief) operators, the group modal (e.g., distributed belief) operator. In the context of
epistemic logic, this is closely related to distributed belief studied in Pacuit (2017).
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work, there is a strand of literature in computer science, logic, and philosophy that
provides a syntactic characterization of distributed knowledge and that establishes
the equivalence (i.e., soundness and completeness) between semantics and syntax.
See Fagin, Halpern, and Vardi (1992), Fagin et al. (2003), Halpern and Moses (1992),
Hoek and Meyer (1992, 1997), and Meyer and Hoek (1995).6 Since this paper does
not presuppose any property on each agent’s belief, it provides hints on how ax-
ioms of distributed knowledge would look like when each individual agent’s belief or
knowledge is modeled in a weaker (i.e., non-normal) system.

On a related point, the previous literature has shown some subtle dissonances be-
tween semantic and syntactic interpretations of distributed knowledge (e.g., Ågotnes
and Wáng (2017), Gerbrandy (1999, Chapter 3), Hoek, Linder, and Meyer (1999),
Hoek and Meyer (1992), and Roelofsen (2007)).7 Since the purpose of this paper is to
explore properties of distributed knowledge, I provide a semantic framework in which
one can always define distributed knowledge.

Third, distributed knowledge has to do with what agents can come to know after
implicitly or explicitly communicating their information.8 In economics and game
theory, such pioneering papers as Bacharach (1985), Cave (1983), and Geanakoplos
and Polemarchakis (1982) study how communication among agents with different in-
formation leads to agreement of information. Tallon, Vergnaud, and Zamir (2004)
consider agents who may have erroneous beliefs. The literature looks at how com-
munication protocols influence information sharing, which may or may not lead to
distributed knowledge. As in the literature on modeling distributed knowledge, this
paper does not model an exact communication process but studies how the contents
of agents’ beliefs qualitatively affect group knowledge.

The organization of the paper is as follows. Section 2 presents an underlying
framework. Section 3 formulates the notion of distributed knowledge. Section 4
studies properties of distributed knowledge. Section 5 provides concluding remarks.
Proofs are relegated to Appendix A.

6First, another notion of group knowledge referred to as common knowledge (e.g., Aumann (1976),
Friedell (1969), and McCarthy et al. (1978)) is often present. While this paper focuses (only) on
distributed knowledge, Fukuda (2018c) analyzes common knowledge and common belief without
assuming properties on individual agents’ beliefs in a semantic framework. Thus, one can introduce
notions of common belief and common knowledge into the framework of this paper.

7For example, if each agent’s fully logical and introspective knowledge is represented by a partition
on an underlying state space, then distributed knowledge is introduced by the coarsest common
refinements (i.e., the intersection of partitions). In the complete axiomatization of Hoek and Meyer
(1992), however, the partition dictating distributed knowledge is finer than the coarsest common
refinements, i.e., the equality is not modally definable. Another instance is the “principle of full
communication” by Hoek, Linder, and Meyer (1999). They show that the idea that the distributed
knowledge of a proposition is obtained through communication may not necessarily be well defined
in an arbitrary state space. See also Gerbrandy (1999, Chapter 3) and Roelofsen (2007).

8Ågotnes and Wáng (2017) point out the temporal inconsistencies between how agents’ knowl-
edge is updated and how a proposition to be distributed knowledge is evaluated as a result of
communication.
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2 Framework

My technical framework builds on a semantic representation of agents’ beliefs by their
belief operators. Throughout the paper, let I be a non-empty set of agents. A belief

space (of I) is a tuple
−→
Ω := ⟨(Ω,D), (Bi)i∈I⟩.

First, Ω is a non-empty set of states of the world. The state space is a sample
space on which agents’ beliefs are represented. Second, D is a subset of the power set
P(Ω) which I call the domain. The domain D consists of events about which agents
reason. Each event E ∈ D is a subset of Ω which describes a certain aspect of the
state space. I assume that D is a complete algebra on Ω. That is, if E is an event,
then its complement ¬E (also denoted by Ec) is also an event. If E is an arbitrary
subset of D, then its intersection and its union are events, i.e.,

∩
E :=

∩
E∈E E ∈ D

and
∪

E :=
∪

E∈E E ∈ D, with the conventions that ∅ =
∪

∅ ∈ D and Ω =
∩

∅ ∈ D.
Third, each agent i’s belief operator Bi : D → D associates, with each event E ∈ D,
the event that (i.e., the set of states at which) agent i believes E.

On the one hand, the domain D is not necessarily the power set P(Ω). If the
following separation condition holds, then D = P(Ω): for any two distinct states
ω, ω′ ∈ Ω with ω ̸= ω′, there is E ∈ D with ω ∈ E and ω′ ̸∈ E. This follows because
the separation condition implies {ω} =

∩
{E ∈ D | ω ∈ E} ∈ D and thus D = P(Ω).

A finite belief space satisfying this separation condition roughly corresponds with a
finite distinguishing model studied by Hoek, Linder, and Meyer (1999).

On the other hand, the domain D is not only closed under finite intersection (and
union) but also under arbitrary intersection (and union). If one introduces a set of
syntactical formulas, then the domain consequently forms an algebra of sets, which
is closed under finite intersection (and union) instead of arbitrary intersection (and
union). The assumption that the domain D forms a complete algebra is for technical
convenience. Namely, by this assumption, distributed knowledge will always be well
defined for any sub-group of agents in any belief space.

The generality of the framework comes from the facts that the analysts can assign
logical and introspective properties of agents’ beliefs one by one and that logical and
introspective properties can be expressed by properties of the agents’ belief operators
in a translucent way. As I will discuss shortly, the framework can accommodate
a standard possibility correspondence model in economics and game theory, i.e., a
Kripke frame in computer science, logic, and philosophy. Indeed, as long as a semantic
representation of agents’ beliefs are concerned, this approach is the most general (or
minimal) in the following two senses: (i) the framework does not impose properties
of agents’ beliefs a priori; and (ii) the only restriction is that if two events E and
F are set-theoretically equivalent (i.e., E = F ) then the corresponding beliefs are
equivalent (i.e., Bi(E) = Bi(F )).

I remark that another equivalent way to express agents’ beliefs is to use neighbor-
hood systems (see, for example, Chellas (1980), Fagin et al. (2003), and Pacuit (2017)
for neighborhood systems; see Fukuda (2018c) for the formal equivalence). An agent
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i’s neighborhood system assigns, with each state ω, the collection of events that she
believes at ω. The belief operator of i induces her neighborhood system by collecting
the events that i believes at each state. Conversely, i’s neighborhood system induces,
for each event E, the set of states at which i believes E.

Now, I introduce the following four logical properties of beliefs. First, Bi satisfies
Monotonicity if Bi(E) ⊆ Bi(F ) for any E,F ∈ D with E ⊆ F . That is, if agent i
believes E and if E implies F , then she believes F . Second, Bi satisfies Necessitation
if Bi(Ω) = Ω. Agent i believes any tautology in the form of Ω at any state. Third, Bi

satisfies Non-empty Conjunction if
∩

E∈E Bi(E) ⊆ Bi(
∩

E) for any E ∈ P(D) \ {∅}.
If agent i believes each of a collection of events then she believes its conjunction.
Combining Non-empty Conjunction and Necessitation, Bi satisfies Conjunction if∩

E∈E Bi(E) ⊆ Bi(
∩

E) for any E ∈ P(D).
Fourth, Bi satisfies the Kripke property (or Bi is normal) if, for each (ω,E) ∈

Ω × D, ω ∈ Bi(E) if and only if (hereafter, often abbreviated as iff) E ⊇ bBi
(ω) :=∩

{F ∈ D | ω ∈ Bi(F )}. The mapping bBi
: Ω → D is referred to as i’s possibility

correspondence in economics and game theory (see, for example, Aumann (1976,
1999), Geanakoplos (1989), and Morris (1996)). Agent i considers ω′ possible at ω
if ω′ ∈ bBi

(ω). Assigning i’s possibility correspondence is equivalent to assigning
the accessibility/possibility relation in modal logic (see, for example, Chellas (1980)
and Fagin et al. (2003)). Agent i believes E at ω if (and only if) E contains the
set of states considered possible at ω. The Kripke property can be characterized as
Monotonicity and Conjunction as in Morris (1996, Theorem 1).

Next, I introduce the following three introspective properties of beliefs. First,
Bi satisfies Truth Axiom if Bi(E) ⊆ E for any E ∈ D. Truth Axiom distinguishes
between knowledge and belief. It means that if agent i “knows” E at ω then E is
true at ω. Second, Bi satisfies Positive Introspection if Bi(·) ⊆ BiBi(·). That is, if
agent i believes E then she believes that she believes E. Third, Bi satisfies Negative
Introspection if (¬Bi)(·) ⊆ Bi(¬Bi)(·). It states that if agent i does not believe E
then she believes that she does not believe E. It can be seen that Truth Axiom and
Negative Introspection yield Positive Introspection and Necessitation.

To conclude this section, I introduce additional definitions. Call an event E to be
self-evident to agent i if E ⊆ Bi(E), i.e., i believes E whenever E is true. Denote by
JBi

the collection of events self-evident to i.
Call a mapping b : Ω → D a possibility correspondence if Bb(E) := {ω ∈ Ω |

b(ω) ⊆ E} ∈ D for any E ∈ D. If Bi satisfies the Kripke property then bBi
is

a possibility correspondence because Bi = BbBi
. Fix a possibility correspondence

b : Ω → D. First, b : Ω → D is reflexive if ω ∈ b(ω) for all ω ∈ Ω. It is well known that
b is reflexive iff Bb satisfies Truth Axiom. Second, b : Ω → D is transitive if ω′ ∈ b(ω)
implies b(ω′) ⊆ b(ω). It is well known that b is transitive iff Bb satisfies Positive
Introspection. Third, b : Ω → D is Euclidean if ω′ ∈ b(ω) implies b(ω) ⊆ b(ω′). It
is well known that b is Euclidean iff Bb satisfies Negative Introspection. Fourth, the
reflexive transitive closure of b is the smallest possibility correspondence b : Ω → D
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which is reflexive and transitive. That is, if b′ : Ω → D is a reflexive and transitive
possibility correspondence with b(·) ⊆ b′(·), then b(·) ⊆ b′(·).

3 Formalization of Distributed Knowledge

I define distributed knowledge by knowledge logically induced from a pool of agents’
collective information in the following two steps. In the first step, I present a general
formalization of knowledge logically deduced from a collection of information. In the
second step, I formalize what it means by a pool of agents’ collective information.

In the first step, letting I be the collection of events (i.e., I ⊆ D), define an
operator KI : D → D as follows. For each E ∈ D, let

KI(E) := {ω ∈ Ω | there is F ∈ I with ω ∈ F ⊆ E} =
∪

{F ∈ I | F ⊆ E}. (1)

The operator KI is the knowledge operator in the sense that an event E is known at
ω (i.e., ω ∈ KI(E)) if and only if E is derived from an event F ∈ I that is true at ω
(i.e., ω ∈ F ⊆ E).

Fukuda (2018b) studies the sense in which knowledge is represented by a collection
of events. Specifically, the paper shows that if a given knowledge operator K satisfies
Truth Axiom, Positive Introspection, and Monotonicity, then the knowledge operator
is recovered from the collection of self-evident events JK in the sense that K = KJK

.
The idea of defining knowledge from a collection of information is also related

to such distinct knowledge-belief representations as Fagin and Halpern (1987) and
Shin (1993). The logic-of-local-reasoning model by Fagin and Halpern (1987) studies
an agent’s belief inferred from multiple pieces of information. In the context of this
paper, let NI : Ω → P(D) be such that NI(ω) := {F ∈ D | ω ∈ F ∈ I}. Thus, each
NI(ω) is the collection of correct information available at ω. An agent knows an event
E at ω if she can infer E from some information in NI(ω). Letting N ↑

I (ω) := {F ∈
D | E ⊆ F for some E ∈ NI(ω)}, it turns out that KI(E) = {ω ∈ Ω | E ∈ N ↑

I (ω)}.9
Shin (1993) studies notions of individual and common knowledge in terms of

provability. An agent knows a proposition e at a state if e is proved in a logical
system from a set of propositions that are available at that state. Intuitively, the set
of propositions that are available at a state ω corresponds to the set of events F ∈ I
such that ω ∈ F . Provability roughly corresponds to the set inclusion.

The second step is to define agents’ collective information in terms of a collection
of events. That is, I define I that has been used in the first step. Fix a group of
agents G ∈ P(I). I define the distributed knowledge operator DG : D → D of G by

9First, see also Fagin et al. (2003), Meyer and Hoek (1995), and Thijsse (1993) for the logic-

of-local-reasoning model. Second, N ↑
I can be seen as a monotone neighborhood system. Third, as

Fukuda (2018a) demonstrates, the knowledge representation by Doignon and Falmagne (1985, 2016)
in the mathematical-psychology literature is also related to the logic-of-local-reasoning model.
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DG := KIG , where

IG :=

{∩
i∈H

Ei ∈ D
∣∣∣∣ Ei ∈ JBi

for each i ∈ H ∈ P(G) \ {∅}

}
. (2)

Expression (2) states that the collective information IG among G consists of the
conjunction of self-evident events among a non-empty sub-group H of agents. Tech-
nically, I allow G = ∅ because D∅(·) = ∅.

This definition has the following two salient features. First, IG includes the collec-
tion

∪
i∈G JBi

of events that are self-evident to some agent. That is, E ∈ IG whenever
E ⊆ Bi(E) for some i ∈ G (i.e., agent i believes E whenever E is true). Thus, an
event E is distributed knowledge if E is derived from another event F which some
agent i believes whenever it obtains.

The second feature takes care of the way in which agents’ information is combined.
Suppose that two events E and F are available to a hypothetical individual whose
knowledge is associated with distributed knowledge among G in the sense that E ∈
JBi

and F ∈ JBj
. The second condition states that the hypothetical individual can

combine E and F into one piece of information E ∩ F to make inferences.
I remark that, in principle, this section provides many potential ways to formalize

distributed knowledge by varying the content of IG. One example is to let IG be
the smallest collection that (i) includes

∪
i∈G JBi

and that (ii) is closed under non-
empty intersection. Another extreme example is to define IG :=

∪
i∈G JBi

. Rather
than analyzing and comparing different collections, however, I will concentrate on
one fixed collection IG defined in Expression (2).

4 Properties of Distributed Knowledge

This section examines properties of distributed knowledge. Henceforth, I often sup-
press G and denote D = DG when I deal with a generic group of agents G ∈ P(I). I
start with properties of distributed knowledge that hold irrespective of agents’ beliefs
and a particular choice of IG.

Proposition 1. 1. If G1, G2 ∈ P(I) satisfy G1 ⊆ G2, then DG1(·) ⊆ DG2(·).

2. The distributed knowledge operator D satisfies Truth Axiom, Monotonicity, and
Positive Introspection.

The first part of Proposition 1 states that distributed knowledge is monotonic in
group, as desired. The second part says that, by the way in which events become
distributed knowledge, distributed knowledge is true, monotonic, and positively in-
trospective irrespective of agents’ individual beliefs. The second part hinges on the
way in which knowledge is defined through Expression (1) irrespective of a particular
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choice of IG.
10 If an event E is distributed knowledge, then it is distributed knowledge

that E is distributed knowledge. Also, even if individual agents’ beliefs are contradic-
tory or non-monotonic, resulting distributed knowledge is consistent and monotonic.
That is, if E is distributed knowledge then ¬E is not distributed knowledge, and
a contradiction in the form of ∅ can never be distributed knowledge. Moreover, an
agent’s false belief does not lead to distributed knowledge because distributed knowl-
edge is truthful.

Now, I study how distributed knowledge reflects logical properties of individual
beliefs. The next result shows how distributed knowledge inherits Necessitation,
(Non-empty) Conjunction, and the Kripke property from individual beliefs.

Proposition 2. Let G ∈ P(I).

1. (a) The distributed knowledge operator DG satisfies Necessitation if and only
if, for each ω ∈ Ω, there is F ∈ IG such that ω ∈ F . Especially, if Bi

satisfies Necessitation for some i ∈ G, then DG satisfies Necessitation.

(b) If Bi satisfy Necessitation for every i ∈ G, then DG = KI∗
G
, where

I∗
G =

{∩
i∈G

Ei ∈ D
∣∣∣∣ Ei ∈ JBi

for each i ∈ G

}
.

2. If Bi satisfies (Non-empty) Conjunction for every i ∈ G, then so does DG.
Moreover, DG = KI∗

G
, where

I∗
G =

{∩
E ∈ D

∣∣∣∣ E ⊆
∪
i∈H

JBi
for some H ∈ P(G) \ {∅}

}
.

3. If Bi satisfies Conjunction (i.e., Necessitation and Non-empty Conjunction) for
every i ∈ G, then DG satisfies the Kripke property. Its possibility correspondence
bD : Ω → D satisfies bD(·) =

∩
i∈G βBi

(·), where βi(ω) :=
∩
{F ∈ D | ω ∈ F ⊆

Bi(F )}. Moreover, bD is transitive and reflexive.

4. Suppose that Bi satisfies the Kripke property for every i ∈ G. Then, each βBi

is a reflexive transitive closure of bBi
. Consequently, the following also hold.

(a) If each Bi satisfies Positive Introspection, then βBi
(ω) = bBi

(ω)∪ {ω} and
bD(ω) =

(∩
i∈I bBi

(ω)
)
∪ {ω}.

(b) If each Bi satisfies Truth Axiom and Positive Introspection, then bBi
(·) =

βBi
(·) and bD(·) =

∩
i∈I bBi

(·).
10As is already discussed, Fukuda (2018b) studies the sense in which knowledge can be represented

by a set algebra, and the three properties of Truth Axiom, Monotonicity, and Positive Introspection
play a key role in the representation.
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Remarks on Proposition 2 are in order. First, if no agent’s beliefs satisfies Ne-
cessitation, then distributed knowledge may or may not satisfy Necessitation. On
the one hand, suppose that each Bi satisfies Monotonicity but fails Necessitation.
If ω ̸∈ Bi(Ω) for all i ∈ G, then ω ̸∈ D(·). In words, no event can be distributed
knowledge at state ω. Especially, D fails Necessitation.

On the other hand, consider two agents who have opposing beliefs: while agent
i ∈ G believes E is true whenever E obtains, agent j ∈ G believes ¬E is true
whenever E does not obtain. If E is true at ω, then Ω is distributed knowledge at ω,
as ω ∈ E ⊆ Ω. If E is false, then Ω is distributed knowledge at ω, as ω ∈ Ec ⊆ Ω.

Second, Proposition 2 (2) shows that if each Bi satisfies Conjunction then dis-
tributed knowledge is also obtained through taking arbitrary conjunction of agents’
information. When agents’ beliefs do not satisfy (Non-empty) Conjunction, however,
distributed knowledge does not necessarily satisfy it.

Third, Proposition 2 (3) and (4) imply that bD(·) is a reflexive and transitive
possibility correspondence which includes

∩
i∈G bBi

(·) (i.e.,
∩

i∈G bBi
(·) ⊆ bD(·)). This

sheds light on defining distributed knowledge from agents’ possibility correspondences
because it is not necessarily the case that bD(·) =

∩
i∈G βBi

(·) is the reflexive transitive
closure of

∩
i∈G bBi

(·) (see Example A.1 in Appendix A). That is, in order to obtain the
possibility correspondence that dictates D from agents’ beliefs, one needs to take the
reflexive transitive closure of each bBi

(which is βBi
) instead of the reflexive transitive

closure of
∩

i∈G bBi
(·).

Now, I study relations between distributed knowledge and individual beliefs. The
next proposition identifies: the conditions under which individual knowledge and
distributed knowledge of a single agent coincide; and the sense in which distributed
knowledge is the “supremum” of individual knowledge in terms of knowledgeability.

Proposition 3. Let G ∈ P(I) \ {∅}, and let i ∈ G.

1. (a) If Bi satisfies Truth Axiom and Positive Introspection, then Bi(·) ⊆ D{i}(·) ⊆
DG(·).

(b) If Bi satisfies Monotonicity, then D{i}(·) ⊆ Bi(·).
(c) Bi satisfies Truth Axiom, Monotonicity, and Positive Introspection iff Bi =

D{i}.

2. LetKG : D → D satisfy Monotonicity, Non-empty Conjunction, and
∪

i∈G Bi(·) ⊆
KG(·). Then, DG(·) ⊆ KG(·).

Proposition 3 (1a) implies that if an agent i’s belief satisfies Truth Axiom and
Positive Introspection, then her individual belief (knowledge) leads to distributed
knowledge. Using this fact, I demonstrate that if each agent’s belief (knowledge)
satisfies Truth Axiom and Positive Introspection then distributed knowledge can be
seen as knowledge logically deduced from agents’ individual knowledge.
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Proposition 4. If each Bi satisfies Truth Axiom and Positive Introspection, then
DG = KI∗

G
, where

I∗
G =

{∩
i∈H

Bi(Ei) ∈ D
∣∣∣∣ Ei ∈ D for each i ∈ H ∈ P(G) \ {∅}

}
.

The characterization of distributed knowledge in Proposition 4 is related to the
original definition of distributed knowledge (impersonal knowledge) by Hilpinen (1977).
His definition of distributed knowledge would reduce to the following: an event E is
distributed knowledge among G at state ω if there are H ∈ P(G) \ {∅} and Ei ∈ D
for each i ∈ H such that ω ∈

∩
i∈H Bi(Ei) and

∩
i∈H Ei ⊆ E.11

Generally, if an event E is distributed knowledge at a state ω (in the formula-
tion of this paper) then E is distributed knowledge at ω (in the above sense). For
the converse, suppose that each agent’s belief satisfies Truth Axiom and Positive In-
trospection as in Proposition 4. Then, the definition of distributed knowledge by
Hilpinen (1977) implies (coincides with) that of this paper. In other words, the defi-
nition of distributed knowledge in this paper can accommodate the original definition
of distributed knowledge (impersonal knowledge) by Hilpinen (1977) if each agent has
positively-introspective and truthful knowledge.

The definition of Hilpinen (1977), however, would reflect “collective belief” (or
“distributed belief”) when it comes to agents’ beliefs for the following grounds. His
notion of distributed knowledge may fail Truth Axiom if some agents’ beliefs do
not satisfy Truth Axiom (in contrast, if every agent’s belief satisfies Truth Axiom,
then his notion of distributed knowledge satisfies Truth Axiom). If each agent’s
belief satisfies Conjunction, then an event E is distributed knowledge (impersonal
knowledge) at a state ω iff

∩
i∈G bBi

(ω) ⊆ E.12 If each Bi satisfies Truth Axiom and
Positive Introspection, this characterization coincides with that in Proposition 2 (3).

Now, I provide the following corollary of Propositions 2, 3, and 4.

Corollary 1. Let G ∈ P(I). Suppose that Bi satisfies Truth Axiom, Monotonicity,
Positive Introspection, and Non-empty Conjunction for each i ∈ G.

1. DG satisfies Truth Axiom, Monotonicity, Positive Introspection, Non-empty
Conjunction, and

∪
i∈G Bi(·) ⊆ D(·).

2. Suppose that KG : D → D satisfies Truth Axiom, Monotonicity, Positive Intro-
spection, Non-empty Conjunction, and

∪
i∈G Bi(·) ⊆ KG(·). Then,

∪
i∈G Bi(·) ⊆

DG(·) ⊆ KG(·).
11In light of Hilpinen (1977)’s definition, Pacuit (2017) and Van De Putte and Klein (2018) study

“distributed belief” of the following form: an event E is distributed belief among G at state ω if
there are (Ei)i∈G ∈ DG such that ω ∈

∩
i∈G Bi(Ei) and E =

∩
i∈G Ei.

12The proof goes as follows. The “if” part follows from ω ∈
∩

i∈G Bi(bBi
(ω)) (by Conjunction).

Conversely, suppose that there is (Ei)i∈G with ω ∈
∩

i∈G Bi(Ei) and
∩

i∈G Ei ⊆ E (note that since
each Bi satisfies Necessitation, it is without loss to take H = G). Since bBi

(ω) ⊆ Ei for each i ∈ G,
it follows that

∩
i∈G bBi(ω) ⊆

∩
i∈G Ei ⊆ E.

11



Corollary 1 sheds light on conditions under which distributed knowledge becomes
the “supremum” of agents’ knowledge. Assume that agents’ beliefs (knowledge) sat-
isfy Truth Axiom, Positive Introspection, Monotonicity, and Non-empty Conjunction.
Then, distributed knowledge also satisfies these axioms. Moreover, distributed knowl-
edge is associated with knowledge of the least knowledgeable hypothetical individual
who knows everything that each agent knows.

The same characterization holds when agents’ knowledge additionally satisfies
Necessitation. In this case, while each i’s knowledge is characterized by her (reflexive
and transitive) possibility correspondence bBi

, distributed knowledge is associated
with

∩
i∈G bBi

. This observation generalizes the introduction of distributed knowledge
by
∩

i∈G bBi
in Halpern and Moses (1990), in which each bBi

forms a partition of the
state space Ω (i.e., each Bi also satisfies Negative Introspection). In other words, the
definition of distributed knowledge coincides with that of Halpern and Moses (1990)
if each agent’s knowledge is “S5” (i.e., it satisfies the Kripke property, Truth Axiom,
Positive Introspection, and Negative Introspection).

Finally, I study how distributed knowledge inherits Negative Introspection.

Proposition 5. 1. Suppose that each Bi satisfies Non-empty Conjunction, Truth
Axiom, and Negative Introspection. Then, DG satisfies Negative Introspection.
Moreover, DG(E) = {ω ∈ Ω |

∩
i∈G bBi

(ω) ⊆ E} for all E ∈ D.

2. Suppose that some Bi fails either Non-empty Conjunction or Truth Axiom.
Then, DG may fail Negative Introspection even if every Bi satisfies it.

The first part of Proposition 5 follows from Proposition 2 as Truth Axiom and
Negative Introspection yield Positive Introspection and Necessitation. Given the as-
sumption, the distributed knowledge operator D satisfies the Kripke property with
its Euclidean possibility correspondence

∩
i∈G bBi

.
The second part of the proposition contrasts with Colombetti (1993). In the

context of common belief, Colombetti (1993) provides a Kripke-frame example in
which common belief (which may violate Truth Axiom) fails to inherit Negative In-
trospection from agents’ beliefs. Fukuda (2018c) shows that common belief (common
knowledge) inherits Negative Introspection if agents’ beliefs (knowledge) are truthful
and satisfy a certain form of monotonicity.

Now, I prove the second statement of Proposition 5 by providing (counter-)examples.
The first example exhibits a violation of Truth Axiom while the second does Non-
empty Conjunction.

Example 1. Let (Ω,D) = ({ω1, ω2, ω3},P(Ω)), and let B1 and B2 be as in Table
1. Both B1 and B2 satisfy the Kripke property, Positive Introspection, and Negative
Introspection. While B2 satisfies Truth Axiom, B1 fails it. The distributed knowledge
operator D{1,2}, depicted in Table 1, violates Negative Introspection. Also, B2(·) ⊆
D{1,2}(·) ⊆ B1(·).

12



E B1(E) B2(E) B3(E) D{1,2}(E) D{3}(E)
∅ ∅ ∅ ∅ ∅ ∅

{ω1} {ω1} {ω1} ∅ {ω1} ∅
{ω2} {ω2, ω3} ∅ {ω2} {ω2} {ω2}
{ω3} ∅ ∅ {ω3} ∅ {ω3}

{ω1, ω2} Ω {ω1} {ω1, ω2} {ω1, ω2} {ω1, ω2}
{ω1, ω3} {ω1} {ω1} {ω1, ω3} {ω1} {ω1, ω3}
{ω2, ω3} {ω2, ω3} {ω2, ω3} ∅ {ω2, ω3} {ω2, ω3}

Ω Ω Ω Ω Ω Ω

Table 1: (Counter-)examples for Proposition 5

To get an idea, suppose that agents 1 and 2 are reasoning about a company’s
performance. At state ω1, the company’s performance is bad and the company is
not window-dressing. At state ω2, the performance is good and the company is not
window-dressing. At state ω3, however, while the company is not performing well, it
is window-dressing (so that the company’s performance may appear good).

Agent 1 believes, at state ω ∈ {ω1, ω2}, any event containing ω. At state ω3, she
believes any event containing ω2. Thus, at ω1, agent 1 considers {ω1} possible. At
ω ∈ {ω2, ω3}, she (naively) considers {ω2} possible.

Agent 2 believes, at state ω1, any event containing ω1. At state ω ∈ {ω2, ω3}, she
believes {ω2, ω3} and Ω. Thus, at ω1, agent 2 considers {ω1} possible. At ω ∈ {ω2, ω3},
she (cautiously) considers {ω2, ω3} possible.

Consider the agents’ distributed knowledge. WhileD satisfies the Kripke property,
bD does not partition Ω. While bD(ω) = {ω} for each ω ∈ {ω2, ω3}, bD(ω3) = {ω2, ω3}.
That is, while the hypothetical individual whose knowledge is associated with dis-
tributed knowledge would consider {ω2} possible at ω2 (at which the company is not
window-dressing), the hypothetical individual would consider {ω2, ω3} (the company’s
real performance is bad) possible at ω3 (at which the company is window-dressing).
Now, let E = {ω2} (i.e., the company is not window-dressing and is performing bad).
When the company is window-dressing (i.e., at ω3), E is not distributed knowledge.
At the same time, at ω3, it is not distributed knowledge that E is not distributed
knowledge. Thus, to the extent that the failure of Negative Introspection of an agent’s
knowledge is associated with unawareness, the agents are “collectively unaware” of
the event E at state ω3.

13

Example 2. I introduce and consider agent 3 in the previous example. Let (Ω,D) =
({ω1, ω2, ω3},P(Ω)), and let B3 be as in Table 1. While B3 satisfies Truth Axiom,

13An agent is unaware of an event E if she does not know E and she does not know that she
does not know E. See Fagin and Halpern (1987), Modica and Rustichini (1994, 1999), and Schipper
(2015).
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Negative Introspection, Positive Introspection, and Necessitation, it violates Non-
empty Conjunction and Monotonicity. Note that any operator satisfying Truth Ax-
iom, Negative Introspection, and Monotonicity also satisfies Conjunction (see Fukuda
(2018b)). For simplicity, consider the distributed knowledge operator D{3} depicted
in Table 1. It violates Negative Introspection.

At state ω1 (at which the company’s performance is “truly” bad), agent 3 believes
{ω1, ω2} (the company is not window-dressing), {ω1, ω3} (the company’s performance
is bad), and a tautology Ω. Thus, agent 3 cannot identify the realization ω1 at ω1,
but otherwise she has correct beliefs. At state ω ∈ {ω2, ω3}, agent 3 is able to identify
the realization ω, i.e., she is able to discern whether the company is window-dressing.
She, however, does not believe {ω2, ω3}.

Suppose that each agent’s belief (knowledge) satisfies Truth Axiom and Negative
Introspection as in Example 2. Then, Necessitation holds, and JBi

is closed under
complementation. Thus, D = KI∗

G
, where

I∗
G =

{∩
i∈G

Ei ∈ D
∣∣∣∣ Ei ∈ JBi

or Ec
i ∈ JBi

for each i ∈ G

}
.

Example 2 suggests that KI∗
G
defined above may fail Negative Introspection. Thus,

even if each agent i can utilize either Ei ∈ JBi
or Ec

i ∈ JBi
, distributed knowledge

may fail Negative Introspection.

5 Conclusion

This paper provided a formalization of distributed knowledge inferred from agents’
collective information consisting of events that some agent always believes whenever
they are true. Irrespective of agents’ beliefs, distributed knowledge monotonically
increases in group (size). Distributed knowledge is true, logically monotone, and
positively introspective even if agents’ beliefs are not.

Distributed knowledge inherits logical properties from individual agents. When
agents’ beliefs are induced by their possibility correspondences, the possibility cor-
respondence that dictates distributed knowledge is the intersection of the reflexive
transitive closures of agents’ possibility correspondences.

Distributed knowledge of one agent coincides with her individual belief if and
only if her belief is true, logically monotone, and positively introspective. In this
case, distributed knowledge coincides with knowledge of the least knowledgeable “wise
man” who is at least as knowledgeable as any individual agent.

Under Truth Axiom, Non-empty Conjunction, and Negative Introspection, dis-
tributed knowledge inherits Negative Introspection. If agents’ beliefs are not truthful
or non-conjunctive, however, distributed knowledge may not inherit Negative Intro-
spection. In this case, distributed knowledge exhibits “collective unawareness.”
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Finally, an interesting avenue for further research is to scrutinize processes by
which distributed knowledge is obtained. A syntactic approach would also be inter-
esting. This paper considered one way in which distributed knowledge is logically
obtained through pooling agents’ collective information.

A Appendix

Proof of Proposition 1. The first statement follows because IG1 ⊆ IG2 . Thus, con-
sider the second statement. Since Truth Axiom and Monotonicity hold by construc-
tion, I prove Positive Introspection. If ω ∈ D(E) then there is F ∈ IG such that
ω ∈ F ⊆ E. Since ω ∈ F ⊆ F and F ∈ IG, I have ω ∈ F ⊆ D(F ) ⊆ D(E). Thus,
ω ∈ DD(E).

Proof of Proposition 2. 1. (a) Suppose that, for each ω ∈ Ω, there is F ∈ IG

such that ω ∈ F . Since F ⊆ Ω, ω ∈ DG(Ω). Conversely, for any ω ∈
Ω = DG(Ω), there is F ∈ IG such that ω ∈ F ⊆ Ω. If Bi(Ω) = Ω then
Ω ∈ JBi

⊆ IG, and DG satisfies Necessitation as well.

(b) It suffices to show D(·) ⊆ KI∗
G
(·). If ω ∈ D(E) for some E ∈ D, then there

are H ∈ P(G) \ {∅} and Ei ∈ JBi
for each i ∈ H such that ω ∈

∩
i∈H Ei ⊆

E. Now, letting Ej = Ω for each j ∈ G \H, I have ω ∈
∩

i∈G Ei ⊆ E.

2. First, observe that if Bi satisfies Non-empty Conjunction then JBi
is closed

under non-empty intersection. If E ∈ P(JBi
) \ {∅}, then

∩
E ⊆

∩
E∈E Bi(E) ⊆

Bi(
∩

E), i.e.,
∩

E ∈ JBi
.

Second, take E ∈ P(D) \ {∅}, and let ω ∈
∩

E∈E D(E). For each E ∈ E ,
there is FE ∈ IG such that ω ∈ FE ⊆ E. Thus, ω ∈

∩
E∈E FE ⊆

∩
E . To

establish ω ∈ D (
∩

E), it is enough to show that
∩

E∈E FE ∈ IG. For each
E ∈ E , there are HE ∈ P(G) \ {∅} and F i

E ∈ JBi
with i ∈ HE such that

FE =
∩

i∈HE
F i
E. Letting H =

∪
E∈E HE, I show

∩
E∈E FE =

∩
i∈H
∩

Fi, where
Fi := {F i

E ∈ JBi
| E ∈ E satisfies i ∈ HE}. By the previous argument,∩

Fi ∈ JBi
, and thus ω ∈

∩
E∈E FE =

∩
i∈H
∩

Fi ∈ IG.

Suppose ω ∈
∩

i∈H
∩
Fi. For any E ∈ E , I have ω ∈

∩
i∈HE

F i
E = FE. Con-

versely, suppose ω ∈ FE =
∩

i∈HE
F i
E for all E ∈ E . Fix i ∈ H. For any E ∈ E

with i ∈ HE, I have ω ∈
∩

j∈HE
F j
E ⊆ F i

E. Thus, ω ∈
∩
Fi, and consequently

ω ∈
∩

i∈H
∩
Fi.

Third, it is enough to show that KI∗
G
(·) ⊆ D(·). If ω ∈ KI∗

G
(E), then there

are H ∈ P(G) \ {∅} and E ⊆
∪

i∈H JBi
such that ω ∈

∩
E ⊆ E. Since

ω ∈ D(F ) for each F ∈ E and since D satisfies Non-empty Conjunction, it
follows ω ∈

∩
F∈E D(F ) ⊆ D(

∩
E) ⊆ D(E).

Finally, I provide a counterexample when agents’ beliefs do not satisfy (Non-
empty) Conjunction. Let (Ω,D) = ({ω1, ω2, ω3},P(Ω)). Let B1 and B2 be
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E B1(E) B2(E) D(E)
∅ ∅ ∅ ∅

{ω1} ∅ ∅ ∅
{ω2} ∅ ∅ {ω2}
{ω3} ∅ ∅ {ω3}

{ω1, ω2} {ω1, ω2} ∅ {ω1, ω2}
{ω1, ω3} {ω1, ω3} ∅ {ω1, ω3}
{ω2, ω3} ∅ {ω2, ω3} {ω2, ω3}

Ω Ω Ω Ω

Table A.1: Distributed knowlegde may fail (Non-empty) Conjunction

as in Table A.1. Then, D = D{1,2}, depicted in Table A.1, fails (Non-empty)
Conjunction.

3. Since Bi satisfies Conjunction (Necessitation and Non-empty Conjunction), sim-
ilarly to the previous argument, JBi

is closed under arbitrary intersection. I
show that ω ∈ D(E) iff

∩
i∈G βBi

(ω) ⊆ E. Suppose that ω ∈ D(E). By
(1b), there are Fi ∈ JBi

for all i ∈ G such that ω ∈
∩

i∈G Fi ⊆ E. Then,
ω ∈

∩
i∈G βBi

(ω) ⊆
∩

i∈G Fi ⊆ E. Conversely, suppose that
∩

i∈G βBi
(ω) ⊆ E.

First, ω ∈
∩

i∈G βBi
(ω). Second, since βBi

(ω) ∈ JBi
(recall that JBi

is closed
under arbitrary intersection),

∩
i∈G βBi

(ω) ∈ IG. Thus, ω ∈ D(E).

Finally, I show that bD(·) =
∩

i∈G βBi
(·) is reflexive and transitive by proving

that each βBi
is reflexive and transitive. By construction, βBi

is reflexive. Next,
let ω′ ∈ βBi

(ω) and ω′′ ∈ βBi
(ω′). Take any F ∈ JBi

with ω ∈ F . Then, ω′ ∈ F
and consequently ω′′ ∈ F . Thus, ω′′ ∈ βBi

(ω).

4. I show that βBi
is the reflexive transitive closure of bBi

. First, I have already
shown that βBi

is reflexive and transitive. Second, I show that bBi
(·) ⊆ βBi

(·).
If ω′ ∈ bBi

(ω) =
∩
{E ∈ D | ω ∈ Bi(E)}, then for any F ∈ D with ω ∈ F ⊆

Bi(F ), I have ω′ ∈ F . Third, let b′ be a reflexive and transitive possibility
correspondence satisfying bBi

(·) ⊆ b′(·). Thus, Bb′(·) ⊆ Bi(·). Let ω′ ∈ βBi
(ω)

(i.e., ω′ ∈ F if ω ∈ F ⊆ Bi(F )). Now, for any F ∈ D with ω ∈ Bb′(F ), I have
Bb′(F ) ⊆ Bb′Bb′(F ) ⊆ BiBb′(F ), and ω′ ∈ Bb′(F ) ⊆ F . Thus, ω′ ∈ b′(ω) =∩
{F ∈ D | ω ∈ Bb′(F )}.

(a) If Bi satisfies Positive Introspection, then bBi
is transitive and bBi

(ω)∪{ω}
is the reflexive transitive closure of bBi

.

(b) If each Bi satisfies Truth Axiom and Positive Introspection, then bBi
= βBi

.
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E B1(E) B2(E) D(E)
∅ {ω3} ∅ ∅

{ω1} Ω {ω1, ω3} {ω1}
{ω2} {ω3} ∅ ∅
{ω3} {ω3} {ω2} {ω3}

{ω1, ω2} Ω {ω1, ω3} {ω1, ω2}
{ω1, ω3} Ω Ω {ω1, ω3}
{ω2, ω3} {ω3} {ω2} {ω3}

Ω Ω Ω Ω

Table A.2:
∩

i∈G βBi
(·) is not necessarily the reflexive transitive closure of

∩
i∈G bBi

(·)

Example A.1. Let (Ω,D) = ({ω1, ω2, ω3},P(Ω)). Table A.2 depicts B1, B2, and
D = D{1,2}. I have: bB1(ω1) = bB1(ω2) = {ω1} and bB1(ω3) = ∅; and bB2(ω1) =
bB2(ω3) = {ω1} and bB2(ω2) = {ω3}.

Since each βBi
is the reflexive transitive closure of bBi

, I obtain: βB1(ω1) =
{ω1}, βB1(ω2) = {ω1, ω2}, βB1(ω3) = {ω3}; and βB2(ω1) = {ω1}, βB2(ω2) = Ω,
and bB2(ω3) = {ω1, ω3}. Then, I get:

∩
i∈G bBi

(ω1) = {ω1} and
∩

i∈G bBi
(ω2) =∩

i∈G bBi
(ω3) = ∅; and

∩
i∈G βBi

(ω1) = {ω1},
∩

i∈G βBi
(ω2) = {ω1, ω2}, and

∩
i∈G bBi

(ω3) =

{ω3}. Thus,
∩

i∈G βBi
is not the reflexive transitive closure b of

∩
i∈G bBi

, as b(ω) = {ω}
for each ω ∈ Ω.

Proof of Proposition 3. 1. (a) By Positive Introspection, Bi(E) ∈ JBi
. If ω ∈

Bi(E) then ω ∈ Bi(E) ⊆ E by Truth Axiom, and thus ω ∈ D{i}(E). Now,
D{i}(·) ⊆ DG(·) follows from Proposition 1.

Next, I provide counterexamples when Bi violates Truth Axiom or Positive
Introspection. First, let (Ω,D) = ({ω1}, {∅, {ω1}}). Let B1(·) = {ω1},
violating Truth Axiom. Then, D{i}(E) = E for each E ∈ D, and B1(∅) =
{ω1} ̸⊆ ∅ = D{1}(∅).
Second, let (Ω,D) = ({ω1, ω2},P({ω1, ω2})). Let B1 be defined as fol-
lows: B1(∅) = B1({ω2}) = ∅, B1({ω1}) = {ω1}, and B1(Ω) = {ω2}. The
belief operator B1 violates Positive Introspection (B1(Ω) = {ω2} ̸⊆ ∅ =
B1B1(Ω)). The distributed knowledge operator D{1} satisfies: D{1}(∅) =
D{1}({ω2}) = ∅ and D{1}({ω1}) = D{1}(Ω) = {ω1}. Now, B1(Ω) = {ω2} ̸⊆
{ω1} = D{1}(Ω).

(b) If ω ∈ D{i}(E), then there is F ∈ JBi
such that ω ∈ F ⊆ E. Since Bi is

monotone, ω ∈ F ⊆ Bi(F ) ⊆ Bi(E).

(c) This part follows from the previous parts and Proposition 1.

2. If ω ∈ D(E), then there are H ∈ P(G) \ {∅} and Fi ∈ JBi
for each i ∈ H such
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that ω ∈
∩

i∈H Fi ⊆ E. Then,

ω ∈
∩
i∈H

Fi ⊆
∩
i∈H

Bi(Fi) ⊆
∩
i∈H

KG(Fi) ⊆ KG

(∩
i∈H

Fi

)
⊆ KG(E).

Proof of Proposition 4. If Bi satisfies Truth Axiom and Positive Introspection, then
JBi

= {Bi(E) ∈ D | E ∈ D}. Thus,

DG(E) =

{
ω ∈ Ω

∣∣∣∣ ω ∈
∩
i∈H

Bi(Fi) ⊆ E for some (Fi)i∈H ∈ DH with H ∈ P(G) \ {∅}

}
.

Now, it can be seen that DG = KI∗
G
.
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